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feedback gain parameter k; can be construed as a distinct advan-
tage of the new proportional-integral control law derived in this
Note.

V. Conclusions

The main contribution of Note is the design of a new class of
angular velocity-free attitude stabilization controllers that can be
viewed as generalizations of the existing passivity-based control
algorithms in the sense of providing an additional provision for in-
tegral feedback action. Through a rigorous Lyapunov analysis, we
have demonstrated global asymptotic stability for the full state of
the rigid-body rotational motion when the external disturbances are
absent. The disturbance rejection aspect is illustrated using a lin-
earized setting of the problem. The controller structure includes a
low-pass linear filter state that is derived without explicit differen-
tiation of attitude to synthesize angular velocity-like signals. Nu-
merical implementation of these new results provide the assurance
of significantly improved steady-state attitude error convergence in
the presence of constant unknown external disturbances as a result
of integral feedback action. Whereas in this study we have adopted
the once-redundant Euler parameter representation for the attitude
kinematics, the main results presented here can be readily replicated
in terms of other kinematic representations derived from the Euler
principal rotation theorem such as the Gibbs vector and the modified
Rodrigues parameters.
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1. Introduction

ROPORTIONAL navigation guidance (PNG) has been widely

used for decades because of its implementation simplicity and
its effectiveness in guiding missiles to intercept nonmaneuvering
targets.! Recently, new guidance laws have been proposed, based
mainly on optimal control theory,>? differential game theory,* the
geometric approach,’ and variable structure control® to meet the
challenges posed by ever more agile targets. Improvements to PNG
have also been proposed. For instance, neoclassical guidance’? re-
quires line-of-sight (LOS) rate measurements only to warrant zero-
miss distance by rendering the kinematics-PNG-seeker-missile dy-
namic loop positive real. Novel guidance laws are often obtained
in the context of linear systems theory. The argument for such lin-
ear synthesis is that small-angle engagement justifies linearization
around an operating point and, in particular, around a null LOS rate.
However, for the pursuit of highly maneuverable targets and to sat-
isfy demanding precision guidance requirements, synthesis of guid-
ance laws considering the nonlinear missile—target relative kinemat-
icsis intuitively expected to provide performance superior to thatof a
linear design relying on approximations. Nonlinear guidance laws
providing performance improved over that of classical PNG have
recently been proposed.”!? In this context, an issue arising with the
selection of the Lyapunov function candidate relates to the guidance
law potentially depending on terms such as 1/ cos(X), where A is
the LOS angle.'® The commanded acceleration may then become
prohibitively large around LOS angles close to /2 rad. In this
Note, we propose a quadratic Lyapunov function candidate resulting
in guidance laws that are free of singularities, such as A = £ /2 rad;
and that provide reduced miss distances when compared to PNG.
The cornerstone of the proposed approach lies in the particular se-
lection of the state-space variables used in the Lyapunov-based syn-
thesis, which are trigonometric functions of the LOS and LOS rate.
Provided certain conditions are met, the proposed approach war-
rants uniform ultimate boundedness of the missile—target system
state, namely LOS and LOS rate, for the case of highly maneu-
vering targets. For nonmaneuvering targets, asymptotic stability is
demonstrated. Numerical simulations show the effectiveness of the
proposed nonlinear guidance laws.

II. Mathematical Preliminaries

A. Missile-Target Kinematics
A two-dimensional engagement can be studied by assuming that
the lateral and longitudinal planes are decoupled.® The engagement
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Fig. 1 Engagement geometry—collision triangle.

geometry is shown in Fig. 1, where v,, € R and a,, € R are missile
speed and normal acceleration, respectively, and v; € R anda, e R
are target speed and normal acceleration, respectively. The range
r between missile and target is related to closing velocity v as
va = —r. The LOS angle A(¢) is related to the missile—target relative
separation y(¢) as sin[A(t)]=y(t)/r(t).

Reference to the independent time variable ¢ is omitted unless
stated otherwise. Differentiating the expression for the relative sep-
aration twice yields the following missile—target kinematics:

|: cos(}) 0 ] I:A] _ %
—XAsin(A) cos(A) | [ A f(r,f,f,)\,)l,a,,am)

y=a —ay (D
with
Fr Py F A A, ar, aw) = [a — am — 247 cos(A) — F sin(W)]/r (2)

B. Assumptions

Assumption 1 (Measurements): The synthesis presented in this
note assumes deterministic signals exempt from noise. Sensor dy-
namics are assumed to be significantly faster than missile—target
dynamics so that they can be omitted; that is, the rate gyros, the
accelerometers, and the seeker dynamics are assumed to have unity
gains.

Assumption 2 (Target Behavior): Although only normal acceler-
ations are considered in this note, three target behaviors are studied.

Case 1: No maneuver; that is, a, =0.

Case 2: Maneuvering target with estimates a,(¢) available to
the guidance law as delayed target accelerations; that is, d,(r) =
a;(t — 1), where T € R*. With the target acceleration bounded as
la, ()| <a,/2, where a,; € R, then |a,(¢) — a,(t)| <a;.

Case 3: Constant normal acceleration a, = a? € R, null tangential
acceleration, and constant closing velocity vy.

With unknown target maneuvers, a variable-structure, multiple-
model target state estimator (constant speed and acceleration!! mod-
els) can be employed. Such an estimator would allow discrimination
among the guidance laws and selection of the most appropriate one
and would lead to a multiple-model control approach.'?

Assumption 3 (Missile—Target Range): Range r and the first two
time derivatives of the range are bounded as follows:

T <TV <TysTm, "y €R

[Fl <ry €R,

[Fl<ry €R 3)
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Fig. 2 Structure of nonlinear missile guidance.

The first inequality (3) is needed to avoid singularities when the
range becomes relatively small and to confine the range to a maxi-
mum value. This is a reasonable assumption, as warheads are typi-
cally detonated by the trigger action of a proximity fuze. In general,
the smallest miss distance r,, is set to half the largest target dimen-
sion. It should be noted, however, that the value of r,, affects the
closed-loop pole placement and, consequently, the ultimate bound
on the missile—target state trajectories. Therefore, a tradeoff be-
tween physically achievable transient dynamics and largest accept-
able miss distance has to be made by the designer. Such a tradeoff
may be constrained, in part, by the particular warhead and fuzing
components installed in the missile. The second and third inequal-
ities (3) express the limitations in velocities and accelerations of
both the missile and the target. For the missile, maneuverability is
constrained by its aerodynamics.

C. Guidance Objectives
The objective of the guidance law is to drive the missile to the col-
lision triangle' shown in Fig. 1, satisfying the following condition:

v, sin(6;) = vy, sin(6,,) 4

Equation (4) corresponds to the equilibrium A =0 for system (1).
The guidance command a, is synthesized so that system (1) is
asymptotically stable at equilibrium (A = A,, A = 0). Figure 2 shows
the general feedback structure for the guidance system, which in-
cludes the dynamics of a maneuvering target, the missile flight-
control system, and an estimator.

III. Lyapunov-Based Nonlinear Guidance

A. Lyapunov Function Candidate

The flight-control-system dynamics are assumed to be ideal; that
is, a, = a,,. In other words, the missile-flight-control-system dynam-
ics are assumed to be significantly faster than those of the guidance
loop. Define the following state variables:

x; = sin(A) — sin(A,), Xy = X 5)

where X, represents a fixed LOS angle at equilibrium. Angle A, can
be specified by the designer to achieve a missile—target impact at
a specific angle, that is, with A, = A + 6, + 8, where § is a desired
offsetangle.!* As an example of a situation where A, has a prescribed
value, optimal guidance laws that include A and A in feedback are
sometimes used'* to stabilize the system around A, =0 and A =0.
Such techniques are known to be robust against uncertain time-to-
go. Alternatively, A, can be interpreted as a kinematic constraint
imposed on the missile—target behavior until intercept. Defining the
state variables as in Eq. (5) is a key step of the proposed synthesis.
Indeed, using trigonometric functions of the LOS angle A and its
derivative rather than using A and A directly, as recently proposed, '°
no singularity in A is present in the expressions for the Lyapunov
function candidate and the guidance law. Differentiating Eq. (5)
yields

X1 = Acos(L), X = hcos(h) — A% sin(h) 6)
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From Eq. (5), system (1) can be formulated with the following state-
space representation:

Hl 1o ollxn 1 S Pk ar, ap
—_— =

=A =x =B

x1(to) = sin[A(t)] — sin(ho),  xa(to) = A(to) cos[r(tp)] (7)

where £, is initial time (defined as zero in this Note). For brevity
and for clarity of demonstration, suppose that the guidance law is
devised using target acceleration estimate a; and exact values for the
range, its derivatives, the LOS, and the LOS rate. A state-feedback
guidance law can thus be formulated as

e =78 P F 0 b a) —rlk k] [XI} ®)
— | X2

with

g(r, iy iy by a) = a,/r — 2h(7/r) cos(h) — (¥/r) sin(n)  (9)
and where N > 0 and the first term on the right-hand side of the
equality corresponds to proportional navigation weighted by cos(}).
Because j1, = a,,, one can write the state-feedback system as

*=[A+ B(K+ K)lx+ (B/r)(a: — a,) 10)

with

KrZI:O _chl]

r

a1

To determine K, the following Lyapunov function candidate is
proposed:

V(xi, x) = 1x" Px (12)

where P is a symmetric positive definite matrix and x7 = [x; x,].
The time derivative of V (x, x,) can be expressed as

V(x1, %) = 2xT[P(A + BK) + (AT + K" BT)P]x

+x" PBl(a; —a))/r] (13)

Because (A, B) forms a controllable pair, K can be selected so that
the eigenvalues of (A + B K) are in the left half of the complex plane.
Consequently, there exists a symmetric positive definite matrix Q
such that

P(A+BK)+ (AT +K"B")P =-0Q (14)
and Eq. (13) can be written as
V(x1, x) = —3x" Qx +x"(PB/r)(a, — d,) (15)

Remark: To reach a conclusion about the stability of the missile—
target system, which is represented by the state (A, A), from the
behavior of the trajectory given by the state (xy, x,), the LOS angle
equilibrium must take the following values: A, € R\{—mr/2, 7 /2}.
This is to avoid singularity in the state transformation. However,
there is no singularity problem with the guidance law ., at these
values of A,,.

B. Consideration of Case 1
For anonmaneuvering target, a, = 0, target acceleration estimates
are set to a, = 0. From Eq. (15),

V(xi,x) =—1x"0x (16)

and asymptotic stability is guaranteed because the Lyapunov func-
tion candidate decreases on the trajectories x of system (7).

C. Consideration of Case 2

For a maneuvering target with delayed estimates 4, (r) available to
the guidance law, the derivative of the Lyapunov function candidate
given by Eq. (15) is bounded, using Assumption 2, as

V(xi, x) < —5x" Qx + IIx" PB(@/rn) an

Note that variable structure estimation a, based on knowledge of the
bound a, leads to asymptotic stability. However, the chattering in-
herent in this approach is undesirable in practical implementations.
Reducing chattering by boundary-layer techniques is possible and
is known to result in ultimately bounded state trajectories.'® In the
present paper, the authors have opted for a linear matrix inequalities
(LMI) characterization of the pole placement problem.'® The choice
of a gain matrix K such that (A + BK) has all of its eigenvalues
with real parts to the left of —h < 0 can be expressed as

P(A+BK)+ (AT + K"BT)P +2hP <0 (18)

Then, when Eq. (14) is replaced by relation (18), relation (17) be-
comes

Vi, x) < =Af - hellxlP + (@0 /ra) Xl (19)

where o and A” are the largest singular value and the smallest
eigenvalue of P > 0, respectively, and || - || is the Euclidian norm of
its argument. Let 6 € (0, 1); then

Vi, o) <—(1—0)rPh|x|> for  |x| > Tyl (20)
L= ONE R,

m

The system is then uniformly ultimately bounded'?; that is, trajecto-
ries (x1, x) enter aball B, (O, b;) centered at O = (0, 0) and having

radius b; given as
ola, AP
by = —F A 21
' 0ALhr, \| AR @b

where AP is the largest eigenvalue of P. The compact set B; to
which the system trajectories (xy, x,) converge can be reduced by
increasing h, that is, by selecting new static feedback gains accord-
ing to relation (18) that correspond to the eigenvalues of (A 4+ BK)
being farther to the left of the complex plane. However, there exists
a tradeoff between the selection of a relatively small radius b;, and
hence of the smallest upper bound of the final value of (x;, x,), and
the admissible control effort. It should be noted that a value of b,
close to zero induces a near-zero miss distance as (x;, x,) approach
zero. Ideally, the selection of b; should take into account the po-
tential saturation of fin deflection. Clearly, simulation tests must be
performed to determine values satisfying a reasonable tradeoff.

D. Consideration of Case 3

For constant g, and v, integral control is added to the state feed-
back to provide steady-state input tracking. This is done as follows:
let a, =0 and

g =71 g(r i F A A, 0) + puf (22)

where 115 is some state-feedback strategy, and rewrite the system in

(7) as
xl . 0 1 X1 0 (ar - MZ)
R I |
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Perform the change of variables z, =r - X,, z; = z» and let the state-
feedback control uy be given as

t
,LLZ =—K,z—k [ z1(r)dt (24)
0

where K, =[k; k] and zf =[z1 z2]. By differentiating Eq. (23),
the system dynamics become

21 0 1 0 21
Zz = 0 0 1 22 (25)
23 ki ki ko] |23

With a proper choice of K, and k;, Eq. (25) can be made asymptot-
ically stable. As z; is the integral of z,, only z, has to be computed.
Note that

/ 22dt =20 — 22(0) =rx; + vax; — r(0)x1(0) — vax;(0) (26)
0

Primitive function z, of z, can be defined as
Zo = X1 + vaXx; for all t>0 27

Integration of Eq. (27) gives
t
21— z21(0) = rx; + ZUCI/ x1dt —rx;(0) (28)
0
A possible choice for z; is
t

71 =rx; + 2v01/ xpdrt for all t>0 29)

0

Note that
3 = rXi (30)

Adopt the following change of variables to obtain state trajectories
in x for stability analysis:

& =/ x(7)dr, £ =& (=x), & =&(=x) (1)
0

Then

& = (22 —vab2)/r,

&y =z3/r
(32)

From Eq. (25), the gain vector K, and scalar gain k; can be chosen
such that there exists an arbitrarily large constant @ € R™ and such
that the derivative of the Lyapunov function

& = (z1 — 20a1)/ 1,

Uzi,22,23) = (51 + 25 +23) /2 (33)
is expressed as

U(zi.22.23) = —e(} + 23+ 23) (34)
Consider the Lyapunov function candidate

W(EL & &) = (8] +£ +£) /2 (35)

then the derivative of W augmented by U yields
U+W= (—azf +&z/r — ZUCISIZ/r)
+[(—/2)23 + &r22/r — (va/2r)E7 |
+ (/202 + 2223 /17 — (@/2)73]

+ [(=va/20)E — (va/r?)&zs — (@/2)73] (36)

By completing the squares, Eq. (36) can be written as

U+ W= (=2va/r)E = 21/4va)’ + 21 [8var —az]
—(a/2r) (& — 22/va)” + 3 [ 2var — (2/2)23
— @/ (3 — 22 far?) + 2 J20r* — (@/2)3

— (a/2r) (&2 + 23/r)” + vaz3 [28° — (@/2)3] 37

Thus, U+Wis negative definite, given that « is selected so that

o > max(vcl/ri, l/i‘,i, l/vclrm) (38)

Provided inequality (38) is met, the system is stable along the tra-
jectories (&, &) and hence along (xy, x2).

Remark: Case 2 is about a target having constant velocity ampli-
tude moving along a circular trajectory. In this case, the tangential
acceleration is null and the normal acceleration is constant with
value v,2 /pm, Where p,, is the radius of curvature of the target tra-
jectory. From basic missile—target kinematics,

0 .
o = lv, Il cos(6;) + [lvall (39)
cos(6)

where ||v, || and ||v || are constant by Assumption 2. The guidance
law u, =a,, is in fact devised to compensate for the effect of a
constant normal acceleration a,. Then, from Eq. (39), a time-varying
vy, arises from the guidance law ., which forces the LOS and the
LOS rate to attain an equilibrium point; this in turn affects 6, and
6,, so that they reach a certain value with time.

E. Proposed Guidance: A Summary

Proposition 1: Stabilizing nonlinear guidance laws for the
missile—target system (7-9) are given as follows for the three target
behaviors investigated:

Case 1 (Nonmaneuvering Target): The state-feedback guidance
law of Eq. (8) using Lyapunov function candidate (12) to solve for
the state-feedback gain.

Case 2 (Maneuvering Target): The state feedback with LMIs, to
solve for the feedback gain, and the Lyapunov function candidate
derivative which is bounded as in equality (17).

Case 3 (Constant Target Acceleration and Closing Velocity): In-
tegral control combined with state feedback, as given in Eq. (22),
where gain is solved by using the Lyapunov function candidates
Eqgs. (33) and (39).

The guidance laws associated with cases 1 and 3 result
in asymptotic stability of the system (7-9) at (X,,0), where
Ao € R\{—m/2, 7 /2} strictly for the purpose of stability analysis,
whereas the guidance law associated with case 2 results in uniform
boundedness of the system trajectories.

Remark: During the homing phase, v can be taken as quasi-
constant and positive; then adding the term u}® = Nvgh cos())
with N > 0 in the expression for u, introduces the damping term
—(Nvg /rm)x22 <0 in the time derivative of the Lyapunov func-
tion. Collecting terms in A in p, + ub™® gives (N +2)vgh cos(r),
which is equivalent to the well-known PNG law for small angles
(cos(A) ~1).
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IV. Numerical Simulations

Consider the second-order flight control system dynamics given
as

anfa, = 1/(s*J* +2Es/w + 1) (40)

and the first-order LOS rate measurement

[dA,/df](s) s
A(s) Tos+ T

(41

In Egs. (40) and (41), X,, is the measured LOS angle and the param-
eter values are

® = 20 rad/s, £ =0.707, 7, =0.1s (42)
The block diagram of the missile-control system is shown in Fig. 3.
Simulations are performed with and without the saturator block.

A. Constant Target Acceleration and Closing Velocity

Case 3 of Proposition 1 is simulated. Flight times are
given by #;€{2,2.5,3,3.5,...,10} in seconds, @, =100 m/s%,
and vy =1000 m/s. The missile-to-target range is given by
r=v.(ty —t) and d*r/dr*=0. Three guidance laws are simu-
lated: 1) the proposed nonlinear state-feedback plus, the PNG
guidance law given by Eq. (8) and labeled as NLPNG with
F=i=0, kj=—4.5%x 1072, k, =—0.3; 2) the proposed nonlin-
ear state-feedback plus PNG and integration guidance law (de-
noted as NLPNG +INT) given by Egs. (22) and (24), with
ki=-233x1072, K, =—[1.94 7.20] x 107!, and A, used in the
computation of x,, is expressed as

R L 43)
=———7| — |G
s+1,/10| dt
and 3) the classical PNG law given by
d)‘—m
=5V, — 44
ag v Q& (44)

For each value of ¢, the missile control system of Fig. 3 is sim-
ulated and the miss-distances y(t;) are calculated. Figure 4 shows
the miss distances. The proposed nonlinear guidance laws result
in the smallest miss distances for each ¢, considered. In particu-
lar, NLPNG + INT offers the best performance among the meth-
ods tested because NLPNG + INT compensates for the effect of
the constant exogenous disturbance (target acceleration) applied
to the missile—target system, which is not the case with NLPNG
and PNG. It should be noted that the synthesis of the guidance
laws NLPNG and NLPNG + INT is carried out assuming idealized
missile and sensor dynamics; however, the numerical simulations in-
volve more realistic first- and second-order ODEs. Figure 5 demon-
strates the missile accelerations obtained with the various guidances
for t; =10 s and @, = 100 m/s>.

B. Maneuvering Target
Case 2 of Proposition 1 is simulated. Target acceleration is given
by a, = 10g sin(1.7¢) m/s?, where g =9.81 m/s?. The performance

Rate measurements .
arcsin(.) A N A
52 veli0) S+

s

20g 2 a

—_— 8 1 <
ZUg/ T TT2Eso? «—1 Guidance

Saturation Flight control

Fig. 3 Missile control system used in the simulations.
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Fig. 5 Missile accelerations vs time.

of the proposed NLPNG is compared with those of the classical
PNG and the optimal guidance®’ law (OGL) given by

N (1) dy(®)
ag(t) = tgzj [y(t) + [go . T
+0.58,(t) - 12, — @ () - (7% + tyo — 1)} (45)

612, (€7 + tg — 1)
213, — 612, 4 6ty + 3 — 121g0e "0 — 3¢~ 0

0

N(tgo) =

a;(t) =a,(t —0.2), oo =17 —1 (46)

where a,(t) is a delayed estimate of the target acceleration and f,
is time-to-go. The same delayed acceleration estimate is used for
the implementation of NLPNG. Figure 6 show the miss distances vs
flight times with and without saturation. When the saturator block is
included in the loop, OGL and NLPNG give similar miss distances,
which are smaller than those obtained with classical PNG. However,
when the saturator block is excluded, OGL provides the smallest
miss distance. Importantly, because of its asymptotic stability prop-
erty, the proposed guidance law results in relatively large missile
accelerations at the beginning of flight, during the transient phase,
and settles to smaller amplitudes toward the end of the engagement,
as shown in Fig. 7 for t; =10 s and a, = 10g sin(1.7¢) m/s>. This
is as opposed to OGL and PNG, which result in increased demands
in acceleration towards the end of the pursuit. Hence, the proposed
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NLPNG results in the miss distance being less sensitive to satura-
tion than OGL and PNG. Another key feature of NLPNG is that
its implementation is simpler than that for OGL, making it more
appealing for real-time computations.

V. Conclusions

This Note proposed a new Lyapunov function candidate for the
synthesis of nonlinear guidance laws, which are free of singularities,
and for the stability analysis of missile—target systems considering
the whole state. The Note also studied the behavior of the proposed
nonlinear guidance laws for three classes of target maneuvers: 1) no
maneuver, 2) maneuvering target with estimates of target accelera-
tion available as delayed signals, and 3) constant normal acceleration
and closing velocity and null tangential acceleration. It was shown
that uniform ultimate boundedness of the missile—target system tra-
jectory is obtained in the case of highly maneuvering targets, for
which a delayed, bounded acceleration estimate is assumed to exist.
For nonmaneuvering targets and targets having a constant accelera-
tion, asymptotic stability was obtained and demonstrated. The work
presented in this note is currently being extended to the synthesis
of nonlinear guidance laws taking into account uncertain missile
dynamics.
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I. Introduction

NTERCEPTION of a maneuverable target can be formulated as

azero-sum pursuit—evasion game. For the sake of analytical solv-
ability, there is interest in using a linear game model. Fortunately,
in most cases the relative end-game trajectory can be linearized.
The nonlinear phenomenon of bounded lateral acceleration can be
modeled either by bounded controls or by adding quadratic penalty
terms on the (assumed to be unbounded) controls to the square of
the miss distance, the natural cost function of the game.'-?

The clear advantage of the linear—quadratic formulation is a con-
tinuous and smooth linear control strategy, in contrast to the discon-
tinuous (bang—bang) control of the game with bounded controls,
at the expense of some increase of the miss distance. In a recent
paper,’ it was shown that by decreasing the pursuer’s penalty co-
efficient, while keeping its ratio to the penalty coefficient of the
evader constant, the guaranteed homing accuracies of the linear—
quadratic game solution and of the game with bounded controls
become similar.

Another advantage of the linear—quadratic differential game
(LQDG) formulation is its flexibility, which enables it not only to
include in the cost function additional weights on other terminal
variables, but also to introduce some “trajectory shaping” by aug-
menting the cost function with a running-cost (quadratic-integral)
term on the state variables. In a very recent study* it was discov-
ered that the trajectory-shaping term also leads to attenuation of the
disturbance created by random maneuvering of the evader.

In this short Note the effect of the trajectory-shaping term on such
disturbance attenuation is presented and analyzed. The model used
for the analysis assumes planar geometry, first-order pursuer, and
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ideal evader dynamics. The analysis leads to a differential Riccati
equation that needs to be solved. A simple technique for facilitating
the solution is proposed.

The Note is organized as follows: In the next section the standard
two-dimensional problem geometry and the mathematical model-
ing will be reviewed. The problem formulation and analysis by the
LQDG theory will be presented in Sec. I1I. Section IV presents some
numerical results including a comparison between the LQDG and
the hard-bounded game results. Section V summarizes the paper.

II. Mathematical Modeling

We shall make the following assumptions:

1) The end game is two-dimensional and takes place in the hori-
zontal plane (gravity is compensated for independently).

2) The speeds of the pursuer (the missile) P and the evader (the
target) E are constant during the end game (approximately true for
short end games).

3) The trajectories of P and E can be linearized around their
collision course.

4) The pursuer is more maneuverable than the evader.

5) We assume first-order pursuer and ideal evader dynamics (con-
servative assumption from the pursuer’s point of view).

6) The pursuer can measure its normal acceleration in addition
to the relative separation and velocity, and it has an estimate of the
time to go.

We assume that the collision condition is satisfied (Fig. 1);
namely,

V,sin(y,,) = Vesin(ye,) =0 (1

where V, and V, are the pursuer’s and evader’s velocities and v, , v,
are the pursuer’s and evader’s nominal heading angles, respectively.
In this case, the nominal closing velocity V, is given by

V.=—-R=1V, cos(y,,o) -V, cos(yeo) A const 2)
and the (nominal) terminal time is given by
ty = Ro/V, 3)

where R, is the initial length of the line of sight.

LetY,, Y, be the separation (Fig. 1) of the evader and the pursuer,
respectively, from the nominal line of sight, and let y be the relative
separation (i.e., y =Y, — Y,), leading to the dynamic equation

.)'7 = Ye - Yp = Ve Siﬂ()/eo + ye) - Vp Sifl()/po + Vp) (4)
where y,, . are the deviations of the pursuer’s and evader’s headings

from the nominal collision values, respectively. If these deviations
are small enough, we may use an approximation to obtain

sin(ypo + y,,) ~ sin(y,,o) + cos(ypo)y,, (5)

Initial Position
of Evader

Nominal Collision
Point

Initial Position
of Pursuer

Fig. 1 Problem geometry.



